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Abstract A regular static interior solution of Einstein’s field equations representing a per-
fect fluid cylinder of finite radius is presented. The solution is matched to the Levi-Civita
vacuum solution at a boundary where the pressure vanishes. The density and pressure are
finite and positive inside the cylinder for a specific range of the mass parameter. The solution
could thus represent a reasonable source for the Levi-Civita metric.
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1 Introduction

Cylindrical symmetry means axial symmetry about an infinite axes and translational sym-
metry along that axes. Then there exist two commuting space like vectors which generate an
Abelian group G2. The reflectional symmetries about and along the axes imply that the two
Killing vectors are hypersurface-orthogonal. Static symmetry adds a third Killing vector that
is timelike The Levi-Civita metric [1] is the general solution of Einstein’s field equations for
static cylindrically vacuum. Although the Levi-Civita exterior metric was derived in 1919,
the interior field equations were not investigated until 1958 when Marder [2] obtained a
solution representing an anisotropic fluid. Other solutions representing clusters of rotating
particles have been given [3–6]. The problem for static perfect fluid interior was first solved
in 1977 by Evans [7] and quite a few number of solutions, some of them overlapping, have
been published since then [8–13]. A class of four static cylindrically symmetric perfect fluid
solutions was derived by S. Haggag and Desokey [14]. Also solutions of Kramer’s equations
for perfect fluid cylinders were obtained [15]. In 2001 a nearly perfect-fluid source was pre-
sented [16]. A global solutions of a static perfect fluid cylinders are studied both analytically
and numerically [17]. A static cylindrical shell composed of massive particles arising from
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matching of two different Levi-Civita space-times were studied [18]. Also in 2007, solutions
in series form were derived [19].

This paper presents regular static interior solution of Einstein’s field equations repre-
senting a perfect fluid cylinder of finite radius. In Sect. 2 the exterior solution is discussed.
A static interior solution is presented in Sect. 3. In Sect. 4 the matching conditions are cal-
culated. Section 5 is devoted to the discussions.

2 The Exterior Solution

The vacuum Levi-Civita metric may be put in the form

ds2 = ρ4σ dt2 − ρ8σ 2−4σ (dρ2 + dz2) − D2ρ2−4σ dφ2 (1)

where σ and D are arbitrary constants.
In order to give a geometrical meaning to the radial coordinate ρ we transform it into the

proper radius r by defining

ρ2σ(2σ−1)dρ = dr

Thus, we obtain

ρ = R1/�, R = �r, � ≡ 4σ 2 − 2σ + 1 (2)

With (2) the metric (1) becomes

ds2 = R4σ/�dt2 − dr2 − R4σ(2σ−1)/�dz2 − D2R2(1−2σ)/�dφ2 (3)

3 The Interior Solution

Using the proper radius r the static, cylindrically symmetric metric can be written in the
general form

ds2 = eν(r)dt2 − dr2 − eμ(r)dz2 − eλ(r)dφ2 (4)

For a perfect fluid the stress-energy tensor has the form

Tab = (� + P) ẋaẋb − Pgab (a, b = 0,1,2,3)

where the four-vector velocity ẋa is given by eν/2δ0
a .

Einstein’s field equations then become
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where the prime denotes the derivative relative to the radial parameter.
The field equations constitute a system of four equations in five functions. In order to

obtain a new solution we put the metric function ν in the form

ν = 4σ
[ r

d
− (1 − logd)

]
(9)

where d is the proper radius of the source.
From (6–8) we obtain the metric functions λ and μ in the form

λ = − c

a
ear/d + 2a

r

d
+ h (10)

μ = − c

a
ear/d + 2a

r

d
+ k (11)

where a, c,h, k are constants
The density and pressure of the fluid are given by

� = 1

16πd2

(
c e2σr/d − 2σ

) (
12σ − c e2σr/d

)
(12)

P = 1

32πd2

(
4σ − c e2σr/d

) (
12σ − c e2σr/d

)
(13)

4 Matching Conditions

By matching the Levi-Civita metric (3) to the interior solution (4, 9–11) at the boundary
surface r = d we obtain

a = 2σ

c = 4σe−2σ

h = log
(2 − 4σ)(2 − e2−4σ )

(e2−4σ − 1)

k = log
[
�2(2 − e2−4σ )

]

D2 = �1/σ (2 − 4σ)

(e2−4σ − 1)

The density and pressure (12, 13) reduce to the form

� = σ 2

2πd2

[
2e−2σ(1−r/d) − 1

] [
3 − e−2σ(1−r/d)

]
(14)

P = σ 2

2πd2

[
1 − e−2σ(1−r/d)

] [
3 − e−2σ(1−r/d)

]
(15)

It is seen that the pressure vanishes at the boundary surface r = d .
Restricting our attention to the inner region, and from (14) and (15) we obtain

(� + 2P)2 = L(2� + 5P) (16)
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Fig. 1 The pressure and density for the source

where

L = σ 2

2πd2
(17)

which gives the equation of state for the perfect fluid.
For positive density and pressure, and for real constants h and k inside the source r < d

the mass parameter σ must satisfy

1

2

(
1 − log

√
2
)

< σ < log
√

2

Thus, the source is valid in the interval

0.326713 < σ < 0.346574

For σ = 0.33 the plots for the pressure and density are shown in Fig. 1.
A feature of the solution is that the density increases outwards and the pressure decrease

outwards. This should be expected as the gradient

�′ = σ 3

πd3
e−2σ(1− r

d
)
[
7 − 4e−2σ(1− r

d
)
]

P ′ = 2σ 3

d3π
e−4σ(1− r

d )
[
1 − 2e2σ(1− r

d )
]

which is positive in the valid range of σ for the density and negative in the valid range of
σ for the pressure. Besides, for the least possible value of σ (σ = 0.326713) the pressure
is less than the density at r > 0.3794d = r1 but is greater than the density at r < r1 and is
equal to it at r = r1. Also for the greatest possible value of σ (σ = 0.346574), the pressure
is less than the density at r > 0.415d = r2 but is greater than the density at r < r2 and is
equal to it at r = r2.

Then for any possible range of σ , the pressure is less than the density for r > 0.415d i.e.
the energy conditions are satisfied for all possible value of σ for a cylindrical shell source
0.415d < r ≤ d .
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5 Conclusion

The results obtained above show that the spacetime is regular everywhere. The source is
matched to the vacuum Levi-Civita spacetime at the boundary surface r = d . The density
and pressure are positive inside the source for a specific range of σ and also the pressure
is monotonically decreasing outwards. Besides, the energy conditions are satisfied for all
possible value of σ for a cylindrical shell source 0.415d < r ≤ d . The solution could thus
represents a reasonable perfect-fluid source for the Levi-Civita metric.

Acknowledgement The author is grateful to Professor Salah Haggag for his useful suggestions and com-
ments.

References

1. Levi-Civita, T.: Rend. Acc. Lincei 28, 101 (1919)
2. Marder, L.: Proc. R. Soc. Lond., Ser. A 244, 524 (1958)
3. Raychaudhuri, A.K., Som, M.M.: Proc. Camb. Phil. 58, 338 (1962)
4. Teixeira, A.F., Som, M.M.: Nuovo Cimento B 21, 64 (1974)
5. Lathrop, J.D., Orsene, M.S.: J. Math. Phys. 21, 152 (1980)
6. Da Silva, M.F.A., et al.: Math. Phys. 36, 3625 (1995)
7. Evans, A.B.: J. Phys. A: Math. Gen. 10, 1303 (1977)
8. Teixeira, A.F., Wolk, I., Som, M.M.: Nuovo Cimento B 41, 387 (1977)
9. Bronnikov, K.A.: J. Phys. Gen. 12, 201 (1979)

10. Davidson, W.: J. Math. Phys. 30, 1560 (1989)
11. Davidson, W.: J. Math. Phys. 31, 1972 (1989)
12. Davidson, W.: Gen. Relativ. Gravit. 22, 553 (1990)
13. Philbin, T.G.: Class. Quantum Gravity 13, 1217 (1996)
14. Haggag, S., Desokey, F.: Class. Quantum Gravity 13, 3221 (1996)
15. Haggag, S.: Gen. Relativ. Gravit. 31, 1169 (1999)
16. Ramadan, M.A.: IL Nuovo Cimento B 116, 9 (2001)
17. Bicak, Zofka: Class. Quantum Gravity 21, 1583 (2004)
18. Metin, A., Ozgur, D.: arXiv:gr-qc/040565v2 (2005)
19. Ramadan, M.A.: Astroph. Space Sci. 310, 201 (2007)

http://arxiv.org/abs/arXiv:gr-qc/040565v2

	Perfect-Fluid Sources for the Levi-Civita Metric II
	Abstract
	Introduction
	The Exterior Solution
	The Interior Solution
	Matching Conditions
	Conclusion
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


